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Abstract
Mathematical modeling as a tool in energy policy and
planning is discussed. Examples of coal mine produc
tion and natural gas reservoir recovery are used to
illustrate the kinds of results obtainable from sim
ple and understandable models.

1.

INTRODUCTION

plus limited well data.

As civilization becomes more complex the

For our purposes we shall refer to these

role of planning and decision making becomes
more crucial. It is increasingly important
to anticipate the outcomes of decisions be

large, elaborate models as "engineering" or
"accounting" models. They represent state-ofthe-art knowledge of the particular systems,
represent large investments of time and money,
and are expensive to operate, particularly for
policy and planning purposes where many "runs"
may be needed in order to explore alterna
tives .

fore they are made. This has inevitably led
to the construction of models, which in some
sense represent the systems in question.
The availability of computers to relieve the
drudgery of computation has stimulated the
growth of mathematical models and has hasten
ed the spread of modeling into the social
sciences, particularly economics.
It is now
not uncommon to find models of such size and
complexity that their behavior is" almost as
d i f f i c u l t to comprehend as the original sys
tems.
Nonetheless, many such models are
highly useful, if not invaluable.
For exam
ple, most modern aircraft are "flown" for
®any hours on the computer long before a
Prototype is built.
Likewise, large petro
leum reservoir models are used to determine
8^ch m a tte rs as future well spacing and pro
motion rates for reservoir development on
the b a s is of geological and seismic data,

Instead, we turn our attention to what we
call "policy and planning" models, in which
we attempt to reduce the model to one involv
ing, insofar as possible, only the variables
of concern to the planner or policy maker.
Basic physical and economic laws must be ob
served, but only at their most primitive
levels. For example, in modeling a natural
gas reservoir, the ideal gas equation of
state behaves qualitatively the same way as
the real gas equation of state; the real gas
equation of state is needed in the engineer
ing model, but not in the simple one.
The loss of accuracy and of detail in such a
model has important compensations: gain in
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comprehension and economy in use. The model
becomes more transparent to the user, more
understandable, and therefore more useful.
The loss in accuracy may be of relatively
little importance if the user gains the in
sight to know what happens when parameters
are changed. The precise amount of change,
or the precise point at which a maximum oc
curs can always be determined, if necessary,
from an elaborate model. Usually, policy
questions do not demand quantitative answers;
rather, the answers indicate alternatives to
be followed or directions in which to move.

Given a discount rate i, the discounted value
Vd of the net cash flow before taxes is:
-10

V

+

(4)
where
tq = the value of x which maximizes Vd .
Equation (4) can then be solved for xQ by a
process of iteration.

simple deterministic investment model, which
assumes that the investor knows all future
costs and financial conditions, is used to
simulate the discounted cash flow for mining
the coal source. The basic version of the
investment model is:

(3)

At 0 =
rate q
during
source

T

The resulting equation after simplification
is

chosen by the investor to maximize the dis
counted value of the mining operation. A

At 6 = 9^ the investor develops the
property at a cost C^qp where p is
the unit price and Cd is the devel
opment cost divided by the annual
gross revenue.

- ) h

(3)

The coal source is assumed to be a uniform
horizontal seam which contains an amount Q
of recoverable resource. If the coal source
is financially attractive, the total amount
of recoverable resource is assumed to be ex
tracted at a constant production rate q

(2)

P

The investor is free to choose any value of
x (or equivalently q) that he wishes. We
assume that the investor will choose the
value of x which maximizes Vd . We find this
value of x mathematically by solving

2. AN ECONOMIC MODEL FOR A COAL MINE

At 0 = 0 the investor acquires a coal
lease by paying a bonus B.

(1+d-R-c)qp - C

Eliminating q from equation (1) by using
equation Q = qx we obtain

In this paper we present two examples of
simple models applied to hydrocarbon re
sources. The first one is mainly an econom
ic model of coal mine operations, while the
second is a physical model of a natural gas
reservoir with water drive and gas entrap
ment coupled to a very simple economic
model involving royalty rates.

(1)

= - B - Cdqpe

Equation (2) and Equation (4) together simu
late the basic version of the investment
model. Enhanced versions of the model have
been constructed which include the effects
of taxes, price changes, dipping coal seams,
sliding scale royalty, lease rental fees,
deferred investments, development cost
scaling and variable profit share schemes.
In each case a closed form mathematical
j
equation is obtained for Va which is then
differentiated with respect to x to obtain
an expression for x .
Several examples are now given to demon
strate the use of the model. Realistic
values for the model parameters are
p = $10/ton, R = .05, c = .50, d = .10,
CQ = $800,000/yr., Q = 20 X 106 tons,

0^, production is started at a
and continues for a period r
which all the recoverable re
Q is extracted.
164

Cd = 1.75 yr. ,

01

= o, 0d = o and B = O1 .

15 years for a 14% discount rate. Similarly
an increase of .10 in either R or c would

Osing these parameters in equation (2) re
sults in the curves shown in Figure 1 for

cause the same increase in x .
o

vs t parametric in i. Generally, the
higher discount rates have smaller associat

Most of the more realistic and interesting
problems that can be studied using this
model involves simultaneous changes in sev
eral parameters. For example,the model is
well suited for royalty versus bonus lease
bidding studies or incremental resource re
covery versus associated incremental cost
trade off studies.
In all of these studies
we can examine changes in both Va and x
o
as the model parameters change.

ed values of Vd and the internal rate of re
turn is about 27.5%. Figure 1 also shows
that the value of t associated with the max
imum value of Vd , t , changes with discount
rate. Using Equation (4) one can obtain the
curve for x q v s i shown in Figure 2. This
curve shows that the value of xq changes
with discount rate and therefore with time
and economic conditions. The curve shows
that an investor with a 15% discount rate

Enhanced versions of the model (e.g. the
dipping seam version) include ultimate re
covery and production rate as variables.

will produce the mine significantly faster
than investors with discount rates of 5% or
25%.

These enhancements as well as others make
the model very flexible and applicable to
a wide variety of policy and economic trade
off studies.

Additional examples demonstrating changes in
tq with changes in
and (1+d-R-c) are
shown in Figure 3 and Figure 4 . For most
coal mines 1.2 5 year <_
<_ 3.00 year.

3.

Figure 3 contains plots of xo vs i for this
range of
values where the curves terminate

A GAS RESERVOIR ROYALTY RATE MODEL

The gas reservoir physical model

2

assumes

that the reservoir consists of a volume of
ideal gas in contact with an infinite aqui

at a discount rate equal to the internal rate
of return. These curves show that a Vd max
imizing investor will produce a coal source
with Cd = 3.00 year much slower than he will

fer, and that the reservoir is isothermal.

year.

produce the same coal source if C. = 1.25
d
Changes in
can be caused by

As gas is withdrawn from the reservoir the
reduction in pressure causes the water to
invade the reservoir, trapping gas in the
porous rock in the process. Gas is assumed

changes in geographical locations, time,
mine conditions or tax incentives. Invest
ment tax credits, which in effect reduce de

to be trapped at the pressure which is pres
ent at the gas-water boundary^and^after en
trapment, the gas no longer influences the

velopment costs, tend to reduce x and lead
.
o
to more rapid production of coal source.

active reservoir (unless the reservoir is
cycled, as in a storage reservoir).

Figure 4 contains plots of

The basic equations are:

xq vs i for three
(1+d-R-c) which show
that r0 decreases with increasing value of
(1+d-R-c). Since the three parameters d,
Rand c always appear together as (1+d-R-c)

d ifferent values of

in the model only the value of the overall
unit affects the results.

Hence, decreas

ing d has exactly the same effect as in
creasing c by the same amount.

(5)

VT = FgVw and NT = PV
(entrapment mechanism)

(6)

N q = N + Nt + Q,
(material balance)

(7)

Vo = V + Vt + Vw'
(volume balance)

(8)

PV = NR T ,
g o
(equation of state)

(9)

If (1+d-R-c) =

•45 for d = .10, the overall unit becomes
•35 w ith no depletion allowance.

vw = dV d0 = C*(PQ-P) '
(water drive, Schilthuis model"*)

Figure 4

shows that loss of depletion allowance

causes x to change from about 12 years to
o
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procedures allow us to incorporate more so
phisticated economic models, such as those
involving both fixed and variable costs.
4.

Commerce, Bureau of Mines, February 1975,

The more serious problem in modeling is not
so much confidence in the model, but confi
dence on the part of the end user of policy
and planning models. Often such a person is
not by training or experience as technically
oriented as the creator of the model and may
have difficulty with some of the concepts
with which the modeler deals. This puts a
heavy burden of responsibility on the model
er to communicate effectively those concepts
and results that are vital to the policy
maker's or planner's task. The creation
and operation of the model may, in fact, be
the least difficult of the modeler's tasks.
The more difficult tasks may be to strip
away the unimportant parts of the system to
be modeled in order to reduce it to essen
tials, and to interpret the results with
clarity.

3.

R.J. Schilthuis, "Active Oil and Reser
voir Energy," Trans. AIME 18, 25-30,
1936.

4.

J. Lohrenz and E.A. Monash, "Production
'Lost' from Oil/Gas Reservoirs Due to
Operating Costs and Royalty: Rate Sen
sitive Gas Reservoirs," Appl. Res, and
Anal. Rept. No. 78-26, Conservation Divi
sion, U.S. Geological Survey, DFC Bldg.
85, Denver, Colorado, June, 1978.
6.

It is our feeling that not enough attention
is being paid to developing simple, useful
models. With substantially less investment,
these models can give great insight into
system behavior which may be obscured by the
overwhelming detail offered by the large
models.

1.

P.F. Hultquist, E.A. Monash, and K.D.
Norman, "Simulating a Gas-Water Reser
voir: Mathematical Model and Phase Plane
Solutions," Chapter 18 of Simulation of
Energy Systems, Part 2, Society of Com
puter Simulation, La Jolla, California,
183-191, 1978.

CONCLUSIONS

The kinds of conclusions that can be drawn
from models such as those we have shown here
are generally in themselves qualitative
rather than quantitative. Certainly the re
sults help us answer "what if" kinds of
questions, such as, "If interest rates go
down will this tend to speed up or slow down
coal production?” In many cases simple
models can also indicate the sensitivity to
such effects, thus answering "A little or a
lot?" kinds of questions with reasonable
confidence.

5.

2.
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NOMENCLATURE

B

Bonus bid paid for the coal lease

c

Variable operating costs as a fraction
of each unit of revenue

C*

Schilthuis water drive constant

C^

Development cost divided by the annual
gross revenue

CQ

Fixed operating costs per year

d

Depletion as a fraction of each unit of
revenue

Fq

Ratio of the incremental operating costs
which would not be incurred by stopping
production to the product of the initial
production rate rQ and the gross price
per unit of production

Fg

Gas entrapment factor

i

Discount rate

kQ

Initial normalized production rate =
r R T
o g o
—
C* Po

k

Normalized production rate

Nq

Initial number of moles of gas in the
reservoir

N

Instantaneous number of moles of gas
in the reservoir

basic equations can be combined to

These

produce

initial rate kQ . Production will continue
until the rate drops to the point where it
is no longer profitable to continue. This
occurs when r , the rate at cutoff, times
c
the unit price p, times (1 - R) where R is
the royalty rate, equals the total cost C ,
o
or

a small set of ordinary differential

equations.

When we replace P/P q by y, V/V q

by x, and (C*Po /Vq)6 by t, we have
ff = “ (1+Fg)(1-y)

(10)

d£ _ (l-y)y ~ k
*3

dt

(11 )

x

dt
=

rcP(l-R) = Cq .

k

(12 )

(14)

2

Since k = k y , we can find the cutoff pres°
i,
sure as y = (k /k ) ?.
Jc
c o

where q = Q/Nq , and where k = kQf(y,t) is
the normalized production rate.
(Note that

For the simplest case, C = constant, we
o
show typical results for a range of values
of F o = C o/pr o ranging from 0.05 to 0.75,
which likely bounds the real world values.
In the graphs we have the ratio of U, the
ultimate recovery, to Uoo , the ultimate

initially y = 1 at t = 0; f(l,0) = 1 , and
thus kQ is the initial normalized rate.)
If f(y,t) = f (y) , a function of pressure
only, which is often a reasonable assump
tion, the set of nonlinear differential
equations can be solved by dividing dy/dt
by dx/dt and separating variables. This
technique, known as phase plane analysis,
allows us to produce diagrams such as those

recovery obtainable at complete exhaustion.
Royalty rate is the abscissa and U/U^ is
the ordinate.

of Figures 5 and 6 which are for constant
production rate and for production rate
declining as the square of the average res

drive, low entrapment, and a reasonably
high initial production rate. Note that al
though ultimate recovery is highly sensitive
to "costs," changing the royalty rate does
not have a severe effect if the royalty rate
is already low, but as the royalty rate in

In Figure 7 the reservoir has low water

ervoir pressure. The phase plane type of
procedure also permits us to derive a rela
tively simple equation for ultimate recovery,
the fraction of the gas initially in place
produced up to the time of cutoff of pro
duction:
u

F
1 “ X V
____
cJc +
g
1 + F_
1 + F

g

creases more and more production is "lost"
that would otherwise be obtained.
In Figure 8 the reservoir has a higher water
drive with low entrapment and a lower ini
tial rate. Note that now, however, the
effects of changing the royalty rate may be
negligible or calamitous, depending on cir
cumstances. In some cases a change of a
few percent in the royalty rate can change
the amount of gas left in the ground by 25
or 50 percent. This is a real effect and
not a model artifact. It occurs whenever
the production rate function yields phase
plane curves that have a very shallow
slope in the region of interest. Very
slight changes in the economic rate cutoff
level can cause dramatic jumps in the loca
tion of (x ,y ) with consequent dramatic
changes in the ultimate recovery.

l

/y

X(y)dy

(13)

c
where x = x(y) is the appropriate phase
Plane solution, and (x ,y ) is the cutoff
c c
P°mt, i.e., the normalized volume and
Pressure when production ceases.
The existence of simple solution methods
Perroit us to investigate economic phenomena
rather easily. As an example we might look
at the effects of royalty rates on ultimate
recovery, using
rate decline in our
Physical model^.
Such a choice is consis^ftt w ith the behavior of a mature reserv°lr in which additional wells are not
drilled.
Assume that reservoir life begins with

Only minor modifications of the above
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Nt

Cumulative number of moles trapped behind the encroaching water front

p

Unit price of coal

P

Average gas reservoir pressure

PQ

Initial gas reservoir pressure

q

Production rate for coal or dimension
less cumulative production for natural
gas

Q

Cumulative production for coal or
natural gas

p

Molar gas density

rQ

Initial production rate for natural gas

rc

Terminal or cutoff production rate for
natural gas

R

Royalty as a fraction of each unit of
revenue

Rg

Universal gas constant

9

Real time

0d

Time period over which coal lease is
developed

0^

Time production of coal starts

x

Time during which all recoverable coal
is extracted
C* P
Dimensionless time = (— — -) 0
o
Isothermal temperature of gas reservoir

t
Tq
u

Dimensionless ultimate recovery = zr~
No
Ultimate recovery of gas at economic
limit

U

UM

Ultimate recovery of gas at reservoir
exhaustion

Vo

Initial reservoir volume of natural gas

V

Instantaneous reservoir volume of
natural gas

VT

Cumulative volume of trapped gas behind
the invading water front

Vw

Cumulative amount of water influx into
the gas reservoir

V

X

y

d

Discounted value of profit stream
before taxes
v /v o
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p/pQ

Fig. 2 Optimal

X

vs. Discount Rate.
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i ( yr**1)
Fig. 4 Optimal T vs. Discount Rate fo r three
values o f (1+d-R-c)
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Fig. 5

Phaser Plane Curves for Constant

Production Rate.

F

6

=1.0

Fig. 6 Phase Plane Curves for P - Squared
Production Rate.
F = 1.0
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Ffc ~

0.10

C -

to 7

Pc =

1000.

Ro =

1.0000

Fig. 7
U/U^ versus Royalty Rate Curves for
High Initial Rate and Low water Drive

Fig. 8
U/U^ versus Royalty Rate Curves for
Low Initial Rate and High Water Drive
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